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q \ Let group generators having finite-dimensional representation be realized 

(D ; 

Q \ as Hermitian linear differential operators without inhomogeneous terms as 

^ \ takes place, for example, for the SO(n) group. Then corresponding group 

t— I \ Hamiltonians containing terms linear in generators (along with quadratic 

\ ones) give rise to quasi-exactly solvable models with a magnetic field in a 

o : 

£Sj , curved space. In particular, in the two-dimensional case such models are gen- 

erated by quantum tops. In the three-dimensional one for the SO(4) Hamil- 
tonian with an isotropic quadratic part the manifold within which a quantum 
particle moves has the geometry of the Einstein universe. 

*0 '■ 
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Exact solutions with a magnetic field are extremely rare in quantum mechanics. One can 
find only two examples of such a kind in textbooks: a free electron or an harmonic oscillator, 
a magnetic field being homogeneous. Below we show how that in fact there exists a variety of 
systems with exact solutions of the Schrodinger equation with an inhomogeneous magnetic 
field among quasi-exactly solvable models (QESM). In so doing, not only a potential and 
magnetic field are present but also the analog of a gravitational one in that a corresponding 
particle is moving on a curved surface 0,0. 

First let us consider the two-dimensional case following a general procedure 0. We 
construct Hamiltonian which contains quadratic and linear terms in generators of a Lie- 
algebra having a finite-dimensional representation and choose the algebra of the SO (3) group, 
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i.e. algebra of an angular momentum operators: 

H = aL 2 x + l3L 2 y + 1 L 2 Z + C X L X + C 2 L X + C 3 L Z , (1) 

L x = z(sin0^ + cos <j)ctgd-^), L y = i(-cos0^ + sin <j)ctg6-^), L z = — i^, 9 and <\> are the 
angles of the spherical coordinate system. 

Substitute these expressions into the Schrodinger equation 

HQ = E$. (2) 

It can be represented in the form 

- o o — + T>1 ^ = (3) 

y dX^dX" dX» ' v ; 

/i, i/ = 0,0. 

This can be rewritten as follows, 

- (T(V„ - A„)(V„ - A„)$ + C/$ = E<5> (4) 

where V is the covariant derivative operator. Comparing (|3|) and ([3j) one can find the explicit 
expression for A^. In order for the equation @ to take this form it is necessary that in the 
expression for A^, 

A li = a M + (5) 

its real part be a pure gradient: a M = p /t . Then, by substitution \1> = $e~ p eq. (f|) is reduced 
to the form 

- <T (V„ - z& M )(V„ - i6„)* + £7* = £tf . (6) 

Imaginary terms in (^j can be attributed in a natural way to the two-dimensional analog of 
a magnetic field (or its component orthogonal to the surface if the model is thought of as 
embedded into three-dimensional space). The value of this field, B = he '' l 'J^ 4 '- e (g = detg^) 
determines the value of the two-dimensional field invariant B 2 = ^F^F^, F^ u = b v ^ — b^. 
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Comparing @ and @ one can find the potential U = g^ u A^A u — g l l 2 (g l ' 2 A tJ ') tlM which is 
in general complex: U — U\ + iU 2 , 

U 2 = 2a^-g- 1 /\g 1 l 2 a»),». (7) 

If 6 M = we return to the situation discussed in detail in || . In that case the condition 
of integrability 

S = P,n ( 8 ) 

is sufficient for the equation under consideration to take the Schrodinger form. However, 
if 6 M 7^ the second condition U 2 — is called, otherwise the Hamiltonian would become 
non- Hermit ian. In general, one could expect that the imaginary part of the potential U 2 7^ 
which is the obstacle for obtaining a physically reasonable QESM with a magnetic field. A 
nontrivial point in the problem under consideration is that for the S)(3) Hamiltonian the 
potential turns out to be purely real as it follows after some direct but lengthy calculations. 
In general the expression for the potential is rather cumbersome, so we list only some simplest 
examples. 

In the isotropic case a = (3 = 7 one may choose the coordinate system in such a way that 
d = C 2 = 0, C 3 = C. Then U = B = Ccosfl, g gg = or 1 , g H = a" 1 sin 2 9. The 

manifold now is nothing but a sphere. If a = (3, 7 = 0, C 2 = the Riemannian curvature 
R = -4a cos" 2 9, B = C 3 cos" 2 9 - ^ cos <j)tg9. 

The manifold within which a quantum particle moves is compact if a, [3, 7 > and 
noncompact if one of these constants is zero. It turns out that the wave function is nor- 
malizable even in cases (like in the example above) when curvature or potential can contain 
singularities. 

Note that since the square of the angular momentum commutes with the Hamiltonian ([[]) 
all the space of states can be divided into subspaces with fixed values of angular momentum I. 
In turn, in any such a subspace the Hamiltonian ([I]) in a matrix representation is equivalent 
to a spin Hamiltonian with spin / and generates a one-dimensional QESM with a potential 
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composed of elliptic functions This is rather interesting correspondence between the 
one-dimensional QESM and two-dimensional ones defined on curved surfaces and with a 
magnetic field. For small values of I the expressions for energy levels and wave functions 
can be found explicitly. For an arbitrary / they enter into the algebraic equation of a finite 
degree that is typically for QESM. 

It is the generalization of the obtained results to the many-dimensional case that we now 
turn to. Consider group Hamiltonian 

H = C ab L a L b + C a L a (9) 

with real coefficients, C ab = C ba . In fact, we use, as the starting point, approach of where 
it was shown that the choice C a = leads to both hermiticity of ([|) with a certain measure 
in Riemannian space and an absence of a magnetic field. Below we show that taking C a ^ 
also preserves hermiticity and corresponds to the appearance of a certain magnetic field of 
the Schrodinger operator. Let the generators have the form 

with real h afl . Substituting (|Tt]) into the Schrodinger equation we obtain the second order 
differential equation which can be rewritten in the form (@) with g^ = C ah h ail h bv ', = 
-C ab h av h b H + h a "C a , N 1 = |(P" + T»), = (y/gg 1 ^), /y/g, U 2 having the same form as in 
the two-dimensional case. The crucial point is whether or not U2 = 0. The real part of the 
above expression for gives us 

C ah h a \2h hv a v - h b "^ - h b ;) = 0. (11) 

Now we invoke an additional assumption B: let operators L a be Hermitian in some 
metric gffj in which the scalar product is determined in a standard way: 

(0 2 A) = / d^xxlg^^. (12) 

For example, for the SO(n) group gffi is the metric of a n — 1 dimensional hypersphere. 
Then the hermiticity condition 



(faiffa) = (Ly 2 , X ) (13) 

along with ( JT0| ) and ( |12D entails 



h^ = -h^]nyf^) (14) 



It follows from ([TTj), QTJ) that 



C ab h^h bv (2a u - ^ + = 0. (15) 



It is clear that irrespective of C a b there exists the solution a M = p ]Jy with p = | In yg/g^- 
After the substitution = $e~ p the Schrodinger equation takes the form (^|), \1/ being 
normalized according to (^ *&) = / d n ~ 1 x y /g |\I/| 2 = J d n ~ l \J g^> |$| 2 . Thus, normalizability 
of $ entails normalizability of 

Until now our treatment has run almost along the same lines as in |5] where it was 
assumed C a = 0. The key new moment which makes our problem non-trivial is that for 
C a 7^ the potential contains the imaginary part iU 2 and one must elucidate whether or not 
U 2 = 0. Using explicit formulae for the coefficients of the differential equations listed above 
one can show that 

1 Jg \fd® 

2a^ = -h^C a {^ - ^=£), (16) 

^Vgk = & + = 5k w + (17) 

Making use of (|i~4l) , we see that expressions ([TBI) and fll7D coincide completely, so according 
to © U 2 = 0! 

Thus, the general form of generators (|10D along with the hermiticity condition (|T2|) and 
(Pf) entail the integrability condition (|j) and, simultaneously, ensure that the potential 
is real. In other words, if generators ([H]) Hermitian in a space with the metric gffj , 
Hamiltonian of the Schrodinger equation is Hermitian in a space with the metric g^. 
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The result obtained shows that there is essential difference between QESM based on 
SO(n) groups and, say, SU(n) ones. In the latter case even when a magnetic field is absent 
it is rather difficult task to find coefficients C & for which the integrability condition (|j) is 
satisfied ||. In the second case we obtain at once QESM with well defined Hamiltonian for 
which this condition is satisfied automatically and, moreover, the effective magnetic field 
F^u = - b^u is present. 

Consider briefly an example of QESM of such a kind in three-dimensional space based on 
generators of SO(4) L ik = —i(x l d/dx k — x k d/dx % ). For Hamiltonian H = Y.i<kL 2 k + CL 12 
direst calculations show that the potential and field tensor are equal to U = — sin 2 £ sin 2 9, 
Fq^ = —Csin 2 ^sm9cos9, F^ = — C sin 2 £sin£cos£, F^ = 0. The metric reads ds 2 = 
d9 2 + sin 2 9d^ 2 + sin 2 9 sin 2 £c?0 2 where are angles of the hyperspherical coordinate 

systems. The obtained metric is nothing else than that of the Einstein universe. 

It is worth noting that the approach outlined above enables one to obtain QESM with a 
magnetic field which are not reduced to exactly solvable ones. Whereas for exactly solvable 
cases such a charged particle or an harmonic oscillator in an homogeneous magnetic field 
finding exact solutions implies separation of variables, such separation is not needed for 
solutions under discussion. In so doing, we obtain many-parametric classes of solutions at 
once, a magnetic field being inhomogeneous. The essential feature of QESM in question is 
that a manifold on which a quantum particle moves is inevitable curved. This can be of 
interest, for example, for applications in relativistic cosmology. 
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